Recently the creation of novel topological states of matter by a periodic driving field has attracted great attention. To motivate further experimental and theoretical studies, we investigate interesting aspects of Floquet bands and topological phase transitions in a continuously driven Harper model. and degenerate zero modes are also found as the system parameters are tuned. These results should be of experimental interest because a continuously driven system is easier to realize than a periodically kicked system.
I. INTRODUCTION
Floquet topological states of matter are found on the edges of periodically driven quantum systems which have nontrivial bulk band topology. In recent years the study of such states has attracted increasing theoretical and experimental interests. Much progress has been made in this attractive new field and several fascinating examples of exotic Floquet topological states of matter (e.g., Floquet quantum Hall effects [1] [2] [3] [4] [5] , Floquet graphene [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , Floquet topological insulators [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] , Floquet Majorana fermions [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] ) have been proposed theoretically or even realized experimentally [43] [44] [45] [46] [47] . Their potential applications reside in spintronics, quantum information processing and quantum computation.
The introduction of a periodic driving field may renormalize a particular part of a Hamiltonian, induce topologically nontrivial quasienergy winding, and alter the symmetries under consideration [48] . Because of these possibilities, the concepts which were successful in demonstrating bulk-edge correspondence in static systems [49] [50] [51] may not be sufficient for doing the same in periodically driven systems. For example, the Chern number of a Floquet band may be insufficient to predict the number of edge states. Instead, new topological invariants [52, 53] and concepts such as the choosing of special time frames [53, 54] have to be introduced in order to capture bulk-boundary correspondence in driven systems.
In many previous studies of topological states of matter using a superlattice system, a periodic time dependence in the model Hamiltonian is often introduced in the form of delta-kicks (i.e., modulation of the system Hamiltonian by a delta function in time) or a periodic sudden quench of system parameters. These studies have been fruitful. As two latest examples, it was found by us that two periodically kicked systems may have equivalent bulk topological properties [3] but qualitatively different edge state behaviour [48] due to their different chiral symmetry operators. However, the need of an external driving field being turned on and off in an extremely narrow time window during each driving period is experimentally demanding. This fact may then pose an obstacle to experimental studies.
In this work, we investigate the aspects of Floquet bands and the associated topological phase transitions in a one-dimensional (1D) tight-binding lattice, driven by an added superlattice potential that changes continuously in time. Such a setup with continuous time dependence will be more realizable in experiments. This model itself is not very new [55, 56] .
As a matter of fact, its simple version (without a phase shift in the Hamiltonian) was previ-ously proposed in the context of quantum chaos to study quantum state transfer through a chaotic sea [55] . Note that in the static case, the two-dimensional (2D) parent model of this system is the Harper-Aubry-André model [57, 58] . Because the Harper-Aubry-André model was extensively studied in the context of quantum Hall effects [59] , we naturally expect its continuously driven version to be useful for the following question: how a continuous driving field may create new topological states of matter absent in the static version? In the following we shall simply refer to the continuously driven Harper-Aubry-André model as the continuously driven Harper model (CDHM).
The outline of this paper is as follows. In Sec. II we introduce some details of CDHM.
To emphasize that many dynamical systems previously studied in the context of quantum chaos can be useful for studies of topological phase transitions, we also present the dynamics of its classical limit. Section III is the main part of this paper and it is divided into a few subsections. In Sec. III A we show that the Floquet spectrum of CDHM with an odd number of bands is grouped into well-gapped bands with nonzero Chern numbers defined with respect to a Bloch phase [under periodic boundary conditions (PBC)] and a periodic phase-shift parameter β. The number of bands may be tuned according to our choice of the system commensurability parameter α. As system parameters are tuned, topological phase transitions occur, which are manifested by the jumps in the band Chern numbers.
In Sec. III B, the physical meaning of the band Chern numbers is explained through an adiabatic transport protocol. In Sec. III C we show that under certain choices of the system parameters, very flat Floquet bands may emerge. The flatness of such bands is also investigated by wavepacket dynamics simulations. In the same subsection, we show that if the number of Floquet bands is changed to be even, it is possible for the Floquet spectrum to have Dirac cones intersecting at quasienergy zero. A wavepacket prepared on such a Dirac cone is shown to move in the lattice non-dispersively. Finally, we consider open boundary conditions (OBC) in Sec. III D. There, for cases with an odd number of bands, the Floquet bulk band topology is examined in connection with the chiral edge modes traversing the bulk gap, with anomalous edge modes with the same quasienergy but opposite chiralities found on the same edge of the system. For cases with an even number of bands, interesting zero quasienergy modes are observed within the quasienergy gaps. In Sec. IV we discuss possible experimental realizations of the CDHM. Section V summarizes our main results and proposes future directions.
The classical Hamiltonian of the CDHM reads
where x and k are continuous coordinate and quasi-momentum variables respectively, β ∈ [0, 2π) is a phase shift parameter [60] and Ω is the driving frequency. The dynamical behaviour of the system is governed by its Hamilton's equations of motioṅ
We choose α = p/q with p, q being co-prime integers. Classical phase space plots are obtained by recording the values of (x, k) at integer multiples of the driving period t = nT , with n being positive integers and T = 2π/Ω being the driving period. Four examples of the phase space diagrams for a fixed value of β are shown in Fig. 1 . There we set J = −1, V = 2, α = 1/100, β = 0, T = 2π/0.7, 2π/0.2, 2π/0.16 and 2π/0.12. In the previous work [55] without the β parameter, it was pointed out that with the increasing of driving period T , the phase space plots become increasingly chaotic. This is also seen here with an arbitrary fixed value of β. From Fig. 1 (c) and (d) we see that all principle tori have disappeared at T = 2π/0.16. But at T = 2π/0.12, shearless tori emerge in the chaotic sea, separating it into different regions. These shearless tori have been shown to assist non-dispersive transmission of localized wavepackets in the quantized system. Here we shall focus on the topological properties of this model in the quantum case. As seen below, nondispersive wave packet transmission can be realized due to the presence of Dirac cones in the system. This constitutes another approach for realizing localized wavepacket transport.
Before discussing the quantized version of the above model, we first discuss a static version of the above model, by considering a particle hopping on a static tight-binding lattice:
where J is the nearest-neighbor hopping amplitude and V controls the strength of the superlattice potential. In this case, the lattice coordinate can only be integers. Thus the phase shift β cannot be removed by any gauge transformation and it may be regarded as the quasi-momentum along a second dimension [2] . For each fixed β, the model describes noninteracting particles hopping on a 1D lattice with a superlattice potential. In experiments, this model has been simulated using a 1D array of evanescently coupled waveguides [61] and a non-interacting BEC in a 1D quasi-periodic optical lattice [62] . Under the following parameter choices [63] :
this model could be mapped onto a 2D "parent" model describing non-interacting electrons hopping in a square lattice subjected to a magnetic field perpendicular to the plane:
where we have chosen the Landau gauge so that the electromagnetic vector potential A = (0, Bm, 0). J x and J y refer to the hopping amplitudes along x and y directions , respectively; m is the lattice index along x-direction and k y is the quasi-momentum along y direction.
a † m,ky is the creation operator for an electron in the lattice site m along x with quasimomentum k y along y, and α represents the number of magnetic flux quanta per unit cell. This is nothing but the famous Harper-Aubry-André model [57, 58] . When α is a rational fraction p/q with p, q being co-prime integers, the energy spectrum of the system takes the form of q bands under PBC where each band has a nonzero Chern number [59] . When α is an irrational number, the spectrum of the system shows self-similar structures. Scanning the spectrum with respect to α then leads to a fractal-like spectrum called the Hofstadter butterfly [64] .
Consider now our CDHM as a modification or a continuously driven version of the HarperAubry-André model, where the superlattice potential is smoothly modulated in time by an external field. The Hamiltonian of CDHM has the following form:
where Ω = 2π/T is the frequency of the driving field, T is the driving period. Just as in the static case, the phase shift parameter β, which can be controlled externally, can be directly understood as the role of the quasi-momentum k y in a 2D "parent" model. Because the Hamiltonian is time-periodic, this model can be treated within the framework of Floquet theory. In the next section it will be shown that under PBC, the Floquet spectrum is grouped into bands with nontrivial topology, which is however different from that found in the static Harper-Aubry-André model and in the kicked Harper model [2] .
FIG. 2: (color online)
. Butterfly Spectrum of CDHM with respect to α = p/q, T = 2, J = 2π/3, V = 2π, q goes from 2 to 50. For a better visualization of the butterfly spectrum, the spectra for phase shift β = π/2 and 3π/4 are superposed together.
III. FLOQUET BAND TOPOLOGY A. Chern Number Zoo
To study topological properties of CDHM, we start with its Floquet operator (i.e., unitary time propagator over one driving period)
whereT means time ordering. We have defined our system on a discrete 1D lattice so the Due to the translational symmetry ofÛ CDHM (T, 0), the eigenphases come in q bands which we refer to collectively as the Floquet spectrum. In Fig. 2 , we show the eigenphases of the CDHM as a function of α = p/q where q goes from 2 to 50, p takes integer value from 1 to q − 1 for each q and φ is scanned from 0 to 2π for each α. The spectrum has a fractal-like structure similar to the ones previously observed in two kicked models with nontrivial band topology [65] . In 
where n is the band index and |ψ n (φ, β) is an eigenstate on band n for a given Bloch phase and phase shift. These values may change (i.e., a topological phase transition occurs) only when the Floquet bands meet at some points in the Brillouin zone. Numerically, this quantity can be calculated using the standard method in Ref. [66] .
In Table 1 and 2 we show the band Chern numbers of the above introduced CDHM with T = 2 and α = 1/3, 1/5. For simplicity, we choose J = V and scan J from 0.1 to 10 for the 3-band case and from 2.0 to 6.9 for the 5-band case, in steps of 0.1. C 1 , C 2 and C 3 refer to the Chern numbers of the three bands (from bottom to top) respectively in the 3-band case.
In the five band case, they refer to the first three bands (from bottom to top). We omit the Chern numbers of bands 4 and band 5 because they are the same as those of bands 2 and 1 for all the parameters shown here.
For a fixed pair of J and V , topological phase transitions can also be induced via changing the driving period T . The Chern numbers in a 3-band case with J = 3.0, V = 4.0 and T going from 4.0 to 9.0 (with a step size of 0.1) are given in Table 3 . Several interesting have a Chern number +1 and no topological phase transitions will be induced via varying J and V for a fixed α, it is clear that the periodic driving has introduced some novel features absent in the Harper-Aubry-André model. The Chern number zoo shown here is also much different from what was found in the kicked Harper model [3] . These observations confirm that, in addition to the well-studied kicked-Harper model (quantized on a torus or on a cylinder) [3, 67, 68] , our CDHM is indeed rich enough for the study of topological states in driven systems. 
The nontrivial Floquet band topology is evidenced physically through quantized adiabatic pumping. Based on previous work [2, 69] , we expect and indeed verify that a band Wannier state, formed by uniformly superposing all eigenstates of a Floquet band with a nonzero
Chern number, will move over an integer number of lattice sites under an adiabatic change of β from 0 to 2π. The change of the wavepacket center during this process is given by the Chern number of the band associated with the Wannier state:
where |W n (0) and |W n (N T ) refer to the Wannier states constructed from band n at the initial and final times of the adiabatic cycle, T is the driving period, N is the total number of driving periods used to complete the cycle andm is the discretized position operator.
In our system, a Wannier state on a Floquet band can be prepared following the methods in [2] and the periodic parameter for the adiabatic cycle can be chosen as the phase shift β, which takes the same value within each driving period and changes slowly after each 
C. Flat Bands and Dirac Cones
Flat bands [70] [71] [72] are bands in which the energy spectrum is dispersionless with respect to the crystal momentum. On such bands, particles will have arbitrarily large effective mass and their kinetic energies are quenched. The physical properties of the system will be pre-dominantly determined by particle-particle interactions. If the flat band has a nonzero Chern number, many-body interactions and band topology may interplay and lead to the emergence of exotic states of matter (e.g., the fractional Chern insulators-fractional quantum Hall effects without Landau levels). Another interesting feature associated with band spectra is emergence of Dirac cones. These are regions in the band spectrum where two bulk bands meet in a conical intersection. In this case, states on the linear-dispersion part of the band will have zero effective mass and thus transport non-dispersively in the system. Dirac-cone physics has been extensively studied in the context of condensed matter physics and one of its famous realizations is that of graphene [73] . In this subsection we will see that the manifestation of both flat bands and Dirac cones in Floquet systems may be studied in CDHM, a fact that may motivate the simulation of Dirac-cone physics and flat-band physics with continuously driven 1D systems. On a flat band, a Wannier state will spread very slowly due to the almost zero band curvature. In Fig. 6 , we prepare a Wannier state on the middle band of Fig. 4(b) and evolve it in our 1D superlattice. The results show that even after 1000 driving periods, the state is still well localized around its original center. So by filling several particles on this flat band, their interactions might dominate the physics of the system and the interplay between Floquet band topology and interactions may be studied [74] [75] [76] .
One more interesting feature of this model arises when the total number of bands is even (i.e., q equals an even integer), two Floquet bands may touch at quasienergy zero.
Numerically, it is found that for cases with 4 bands (but not for cases with 2 bands), the dispersion relation in the neighborhood of the touching bands becomes linear in terms of both β and the Bloch phase φ, thus forming Dirac cones. Remarkably, it is also found that each of these Dirac cones has a π Berry phase. This is intriguing because in the context of graphene physics, such kind of π Berry phase is the underlying physics responsible for the half-quantized anomalous Hall conductance. In Fig. 7(a) an example of the Floquet Dirac cone is shown in a 4-band case. Wavepackets prepared along the same side of the Dirac cone can transport non-dispersively. In Fig. 7(c) we show one such example of wavepacket evolution in our system. The initial state is prepared as a superposition of 20 band eigenstates along the same side of the Dirac cone [residing along the red line in Fig. 7(b) ]. The simulation result clearly shows that the wavepacket evolves in time without changing its shape.
D. Chiral Symmetry and Bulk Edge Correspondence
In the previous subsection, we studied the topological property of CDHM under PBC.
The principle of bulk-edge correspondence [49] [50] [51] states that there exists a relation between bulk topology under PBC and boundary modes under OBC. The bulk-edge correspondence in driven systems is more subtle than in static systems. For example, chiral edge states may be found between two bands with zero Chern numbers if a winding edge state connects them through the borders of the quasienergy BZ [52] . In some cases, edge modes localized around the same edge with opposite chiralities may be observed within the same quasienergy band gap [5] . In this section, we study the bulk-edge correspondence as well as the chiral symmetry of CDHM.
A Floquet operatorÛ with chiral symmetry means that there exists a unitary and Hermitian operator Γ such that
forÛ chosen to propagate over a special choice of one-period time interval [53] . For simplicity, we consider our 1D super-lattice with two open ends. Its Floquet operator is given by:
where L is the length of the lattice. DiagonalizingÛ CDHM (T, 0) at each phase shift β and scanning β from 0 to 2π, we obtain the eigenphase spectrum as a function of β. We find thatÛ CDHM (T, 0) obeys the chiral symmetry condition of Eq. (10), with the following chiral symmetry operator
wherem is the discrete position operator. Γ CDHM performs a local unitary transformation in the sense that it does not translate states over lattice sites. In Appendix A, we prove that due to the chiral symmetry, the spectrum ofÛ CDHM (T, 0) possesses mirror symmetry with respect to zero quasienergy for each β and is π-periodic in β.
In Fig. 8 we show four examples of the spectrum ofÛ CDHM (T, 0) under OBC. In Fig. 8(a) , the edge modes are correctly predicted by the Chern numbers in the same way as in the integer quantum Hall effect [50] [51] [52] . Namely, the Chern number of each band equals the difference between the number of chiral modes (its sign in accord to their chirality) above and below the band on a single edge of the system. For example, considering the right edge of the system considered in Fig. 8(a) , the middle band has two chiral modes in the gap below it with negative group velocities and two chiral modes above it with positive group velocities [Here the group velocity is defined by interpreting β as another quasi-momentum. case. This is no longer true for the case in Fig. 8(b) for a different set of system parameters.
There we see that above and below the middle band there exist chiral edge modes localized on the same edge traversing the band gap with opposite chirality. Such anomalous edge modes were first reported in an earlier study of the kicked Harper model (or a kicked quantum Hall system) [5] . They are anomalous in the sense that one cannot correctly predict their existence just by knowing the Chern numbers of all the bands as we just did for the case in Fig. 8(a) . As a final remark, we note that the existence of these anomalous edge modes could not be explained through a simple chiral symmetry analysis as in Ref. [48] . Our results here hence call for a more general understanding (one possible route is to extend a simple model constructed in Ref. [5] ) of anomalous edge modes in periodically driven systems. In Fig. 8(d) , the bulk band Chern numbers are chosen to be large, and as expected, many edge modes are found and their behavior is seen to be rather complicated (but consistent with our chiral symmetry analysis). In particular, one edge mode may start to emerge from a bulk band and then ends in the same bulk band. Also interesting, one edge mode across a band gap may also have opposite group velocities at different values of β [see the edge mode in the top gap in Fig. 8(d) ]. These characteristics can be understood as deformation of edge modes [77] , but an analysis regarding under what conditions this can happen is beyond the scope of this work.
In Fig. 8(c) , we show the spectrum of CHDM in a 4-band case where degenerate zero modes are observed in the spectral gap. Because the emergence of such zero modes is also found in other kicked models, this is not a totally unexpected result. However, once again our observation here indicates that a continuously driven model can possess as many interesting aspects as in the kicked Harper model, with its own features as well. It would be interesting to consider possible detection methods of these zero modes because these degenerate zero modes have potential applications in quantum information.
IV. POSSIBLE EXPERIMENTAL REALIZATIONS
To consider an experimental realization of our model, we first rewrite time-dependent
Hamiltonain as the following (see also Appendix B),
Here |m refers to the Wannier state localized at lattice site m, α = k 2 /k 1 is the ratio of two lattice wave numbers, J/2 is the nearest-neighbor tunneling energy and V /2 is the strength of the superlattice potentail. When the driving frequency Ω = 0, this can still be regarded as a static Harper model, but with two superlattice potentials of a relative phase shift 2β. We note that the Harper model was experimentally realized in Ref. [62] by loading a non-interacting BEC into a 1D optical lattice accompanied by a secondary lattice potential. Certainly, it is also interesting to consider to experimentally realize our model using photonic setups [48, 61] , but we focus on a cold-atom setup below.
The time-dependent superlattice potential m V 2 |m m| cos(2παm + Ωt) with Ω = 0 may be realized by linearly chirping the frequencies of two counter-propagating waves [56] . This being the case, it seems not challenging to form a second analogous superlattice potential m V 2 |m m| cos(2παm − 2β − Ωt) , shifted from the first one by a phase shift 2β.
In such a cold-atom setup, the wavepacket dynamics could be tracked by taking a picture of the atomic cloud after each driving period [62] . Somewhat stimulating, we find that a 1D lattice with very few sites (around 10 sites only) is already enough to detect Floquet chiral edge modes and degenerate zero modes. In Fig. 9 we show the numerical results for the edge states in two cases with 3 bands and 4 bands, using 9 or 12 lattice sites. It is seen that in a relatively short lattice the edge states have more than 90% of their probability distributed on the first three or four lattice sites at the boundaries. In particular, for the 3-band case, the number of edge states within each gap for a 9-site lattice under OBC is found to be the same as that for a very long lattice under OBC, which is also consistent with the bulk band Chern number. In the 4-band case, almost degenerate modes close to zero quasi- Edge states (M = 6, 7) localized around both edges are indicated by magenta crosses. (g)-(h) The probability distribution of states with index M = 6, 7 in Fig. (f) . The total occupation probability in the first and last four lattice sites are both approximately 0.96 in the two cases.
energy are also found despite the fact that we considered only 12 lattice sites. Hence, in experiments, a short lattice already suffices. Edge modes, once excited, might be imaged by suddenly switching off the main harmonic confinement and letting the atoms expand along the lattice, then detecting the spatial distribution of the atoms using absorption imaging [62] .
Possible Floquet topological phase transitions might be detected via the concept of quantized adiabatic pumping in periodically driven systems [2] . This can be a demanding task because in driven systems, one cannot count on the existence of a Fermi energy to uniformly fill a band. Currently, we are considering the pumping of some easier-to-prepare initial states in order to better detect the topological phase transitions in a periodically driven system.
V. CONCLUDING REMARKS
In this work it has been shown that a variety of topological states of matter may be generated using the CDHM, a rather simple 1D system. Under the PBC, the eigenphase Under the OBC, we numerically observed that the nontrivial topology of Floquet bands manifests itself as chiral edge modes traversing the bulk gap. In 3-band and 5-band cases, anomalous edge modes with opposite chiralities are found to emerge on the same edge of the system. In the 4-band case, topologically protected degenerate edge modes appear at eigenphase zero.
In future work, it will be interesting to use the flat band as a starting point to study the interplay between topology and interaction in Floquet systems by adding self-interaction terms to the model. It will also be interesting to consider if the degenerate zero modes may be utilized for quantum information applications. Lastly, since the model was also studied in the context of quantum chaos, it should be interesting to further examine the possible connection between the regular-to-chaos transition in the underlying classical limit and the topological phase transitions in the quantum system.
VI. ACKNOWLEDGMENTS
Long-Wen Zhou thanks Qifang Zhao and Cheng Shen for helpful discussions. This result means that given an eigenstate |ψ at any β with the eigenphase ω, then there must be another eigenstate Γ CDHM |ψ at the same β with the eigenphase −ω.
Relations (A3) and (A4) show the chiral symmetry of CDHM under two different choices of the symmetric time frame [53] . Finally, noting that a different choice of the starting time to express a Floquet operator cannot change its spectrum, it becomes obvious thatÛ β (T, 0) andÛ β (3T /4, −T /4) share the same eigenphase spectrum. One can then conclude that in the eigenphase spectrum of CDHM with respect to the phase shift β, it has a reflection symmetry with respect to eigenphase 0 and π-translational symmetry along β-direction.
Our numerical observations have confirmed these spectral features.
Û CDHM (T, 0) on band n at a BZ point (φ, β) as |ψ n (φ, β) . Using an explicit Berry curvature expression for the band Chern numbers [2] , the Chern number C n of the nth Floquet band for the new operatorÛ β (T + β/Ω, β/Ω) is related to the nth's band Chern number C n of the propagatorÛ CDHM as: 
